The layer-based random-phase approximation is further developed to investigate electronic excitations in tri-layer ABC-stacked graphene. All the layer-dependent atomic interactions and Coulomb interactions are included in the dynamic charge screening. There exist rich and unique (momentum, frequency)-excitation phase diagrams, in which the complex single-particle excitations and five kinds of plasmon modes, are dominated by the unusual energy bands and doping carrier densities.
and plasmons) are very sensitive to the stacking configurations, the number of layers, the electric and magnetic fields, and the dimensions. An intrinsic monolayer graphene only possesses the interband single-particle excitations (SPEs) at zero temperature because of the zero-gap semiconductor. 29 Three plasmon modes are revealed in the bilayer AA stacking, but not the bilayer AB stacking. 5, 6 That the former has the sufficiently high free carrier density due to the interlayer atomic interactions accounts for this important difference. As for extrinsic few-layer graphenes, the doping free carriers can create the rich SPEs and plasmon modes. 4−6 However, most of the theoretical predictions only consider the electronic excitations arising from the first pair of valence and conduction bands nearest to the Fermi level (E F ). The fully dynamic charge screening due to all the pairs of energy bands will be included in the current calculations, so that the diverse Coulomb excitation spectra could be presented in momentum-and frequency-dependent phase diagrams. 3 ) dispersions, as shown in Fig. 1(b) . The first pair belongs to surface-localized states, since they mainly come from the top and bottom layers. The electronic structures of ABCstacked trilayer graphenes have been verified by ARPES 36 , especially the presence of the surface-localized states clarified for the partially flat subbands centered at the K point.
This will induce the unusual electronic excitations, compared with other stacking systems.
Each wave function is composed of six sublattice-based tight-binding functions, indicating the theoretical framework of the layer-dependent RPA.
When an electron beam is incident on the ABC-stacked trilayer graphene, the charge density distribution is assumed to be uniform inside each layer. The π electrons on distinct layers will screen the time-dependent external potentials (V ll ′ (q)'s; the l-th layer) ) by the e-e interactions, leading to the induced charges and potentials. Within the linear response, the induced charge density is proportional to the effective Coulomb potentials (V ef f ll ′ (q, ω )'s;
ω the transferred frequency during charge screening). By using the layer-based RPA, the relationship among the effective, external and induced Coulomb potentials is characterized by the Dyson equation
where ǫ 0 (= 2.4) is the background dielectric constant. Apparently, the induced potential in the third term reveals the complicated dynamic screening due to the intralayer and interlayer Coulomb interactions. The layer-dependent bare polarization function, being determined by energy bands and wave functions, is expressed as
u h nmi is the amplitude of wave function on the ith sublattice of the m-th layer, arising from the valence/conduction state (h = c&v) of the n-th energy band. 
Its inverse is useful in understanding the inelastic scattering probability of the EELS measurement, the dimensional energy loss function:
Equations (1)- (4), which cover all the atomic and Coulomb interactions, are suitable for any layered graphene systems.
The dynamic Coulomb response displays SPEs and collective excitations as the transferred q and ω are conserved during e-e interactions. These two types of excitations are, respectively, characterized by the bare response function P
ll ′ (q, ω) and energy loss function
]. The former, P
ll ′ (q, ω), describes the dynamic charge screening and directly reflects the main features of the band structure. As shown in Figs (1)
23 and P 
11 (q, ω)] arise from the major low-energy excitations on the outmost layers, while the empty Im[P
22 (q, ω)] demonstrates the absence of excitations on the middle layer. Based on the Kramers-Kronig relations, the square-root and logarithmic peaks in
ll ′ (q, ω)] correspond to the square-root and step discontinuities in Im[P
When the Fermi level is higher, the free carriers play an important role in the low-energy excitations. More electronic excitation channels are triggered with the increasing free carriers under the influence of the interlayer atomic interactions and Coulomb interactions.
Consequently, this leads to complicated polarization functions. At E F = 0.1 eV (figs. 1(c)-1(f)), the interlayer and intralayer polarizations have a similar structure, in which the first logarithmic singularity of Im[P (1) ll ′ (q, ω)], shifting to higher ω with q, is mainly dominated by the SPEs within the S This implies that due to the interplay between interband and intraband excitations, the electronic excitation spectra can be diversified, and various plasmon modes are presented with a variation of q and E F .
The energy loss function Im[- (black curve in Fig. 2(a) ). Identified from the specified interband channel, i.e., S p . In the region near ω ≃ 0.32 eV, the intensity decrease of the loss spectrum is attributed to the Landau damping that matches the energies of the
SPEs. Modulated by the electron doping level, the plasmon intensity is enhanced for E F = 0.1 eV by the collective excitations within both intraband and interband channels (blue curve in Fig. 2(a) ). There are three sharp plasmon modes, ω 1 interband excitations, respectively; however, the higher intraband ones also make considerable contributions to the collective excitations. Under the screen effects, the plasmons decline and broaden with an increment of q and ω. i.e., the plasmons decay into SPEs. When E F increases from 0.3 eV to 0.8 eV (Fig. 2(b) ), the induced excitations lead to a dramatic change of the plasmon modes, as the doping level is higher than the critical points of the subbands S c Trilaye ABC-stacked graphene exhibits rich and unique plasmon spectra in the (q, ω)- With a variation of E F , phase diagrams are dramatically changed due to the conservation of transferred momentum q and energy ω, as shown in Fig. 4 . At E F =0.3 eV (Fig.   4(a) ), the plasmon modes extend to higher energy due to the increasing free carriers. The most striking behavior of the ω mode is enhanced and shifted to higher ω by the induced collective excitation channels. With a further increase of E F , the plasmon is hardly affected by the Landau dampings associated with the induced interband SPEs. At E F =0.5 eV (Fig. 4(c) ), the various plasmons gradually merge into a long range acoustic mode, ω 5th p , because the collective excitation channels from the free carriers dominate the electronic excitations. Under a heavy doping condition, e.g., E F =0.8 eV (Fig. 4(d) ), there exists only one strong acoustic mode, ω 
